Abstract: Reduced equivalent systems have inherent closed-loop poles at the origin in the sliding mode for conventional sliding mode control (SMC). A systematic design strategy is developed for arbitrarily placing all SMC closed-loop poles. The speed control of a vertical takeoff and landing aircraft whose aerodynamic parameters vary considerably during flight is investigated. An outstanding output tracking performance and robustness against system parameter uncertainties and external disturbances are achieved.
Introduction
Sliding mode control (SMC), developed from the variable structure system theory, is a powerful technique because of its capability for attaining a low sensitivity to plant parameter variations and external disturbance rejection [1, 2] .
With a suitable control law the system trajectory is driven to a switching surface and remains on it thereafter. The control system is then known to be in the sliding mode. During sliding motion, the state motion is constrained to lie on the intersection of a q-dimensional sliding hypersurface. The order of the controlled system is reduced because the n-dimensional state trajectory is governed by n-q states, i.e. there are q closed-loop poles inherently at the origin [3] .
Many methods have been proposed for sliding hypersurface design so that the closed-loop poles can be placed. These methods include the optimal control approach [4] , geometric approach [5, 6] , and algebraic approach [7] . However, the results from these methods are incomplete and only the n-q poles could be assigned. The entire control system performance cannot be freely specified with the proposed pole assignment algorithms.
We now present an improved SMC design strategy to overcome the inherent disadvantage of conventional SMC design. All the closed-loop poles can be arbitrarily placed, not just those for the reduced system in the sliding mode as in the prevailing literature. A complete design procedure including the sliding function definition, the control law formulation, and the stability proof for the feedback system are given. The sliding function involves the integral of output errors as well as the state. The control law consists of a nominal continuous part and a switching part. The resulting control system has the following advantages. All of the closed-loop poles can be assigned. The output errors converge to zero effectively and robust closed-loop system performance is achieved.
A vertical takeoff and landing (VTOL) aircraft speed control system [8, 9] design is carried out. Although the external disturbances take place due to environmental changes and the plant parameters vary with different operating conditions, the proposed SMC control system is asymptotically stable and the output errors converge to zero. An outstanding tracking performance and robustness against lumped perturbations are achieved.
SMC design

System description
Consider a general dynamic system modelled using the differential equation, _ x x ¼ ðA þ DAðt; xÞÞx þ Bu þ wðt; xÞ, where x 2 R n is the state, u 2 R q is the control, wðt; xÞ 2 R n is the disturbance, A 2 R nÂn is the system matrix, and the input matrix B 2 R nÂq is full ranked. The term DAðt; xÞ represents the uncertain part of the system matrix. Let the term vðt; xÞ symbolise the lumped perturbations, i.e. vðt; xÞ ¼ DAðt; xÞx þ wðt; xÞ. The new representation of the considered system becomes:
In general, the SMC design is divided into two steps. The first step is to define the sliding functions such that the SMC system behaves like a prescribed linear system. The second step is to determine a control law such that the system will approach and proceed on the sliding hypersurface intersection. The objective here is to place all of the closed-loop poles (n poles), instead of part of them (n ÿ q poles), and to eliminate the output errors.
Sliding function definition
Let z ¼ ½z 1 ; z 2 ; . . . ; z q T ¼ Cx be the concerned outputs where C ¼ ½c 1 ; c 2 ; . . . ; c q T . Define the output error as e ¼ z ÿ z d . The reference output z d ¼ ½z 1d ; z 2d ; . . . ; z qd T is not restricted and, for example, can be generated from a reference model. For the sake of simplicity in this paper, we let z d stand for the desired trajectory. The sliding function s is defined as 
where the matrix G 2 R qÂn is selected such that GB is nonsingular. The weighting matrix H 2 R qÂq is selected to be full ranked.
Assumption 1:
The pair (A, B) is completely controllable.
Assumption 2:
Denote G i as the ith row of the matrix G in (2) .
For the lumped perturbations vðt; xÞ ¼ ½v 1 ðt; xÞ; v 2 ðt; xÞ;. . . ;v n ðt; xÞ T , the following condition holds:
Theorem 1: Consider the system in (1) and the sliding function defined in (2) . Let G be selected as:
where the matrix A d 2 R nÂn is the desired nonsingular closed-loop system matrix. Then, in the sliding mode, the closed-loop poles are exactly the eigenvalues of the desired system matrix A d .
Proof: Suppose the sliding mode is attained within finite time. In the sliding mode, the linear equivalent control is generated by setting _ s s to zero. This yields:
The closed-loop state equation is then given by substituting (5) into (1): 
Recall that the pair ðA; BÞ is completely controllable for system (1) . There always exists a non-zero matrix K such that the matrix:
has arbitrarily assigned eigenvalues. For simplicity, the attention is subject to time-invariant systems, and the emphasis is that matrix A d can be arbitrarily assigned. For instance, one choice for A d might be the controllable canonical form: 
The weighting factor matrix H can be chosen in the simple form:
where h i , i ¼ 1; . . . ; q, are the weighting factors for each output z i respectively, and h i > 0. Of course, the simplest form of H would be the identity matrix I qÂq , i.e. h i ¼ 1.
Since
Therefore, the linear equivalent system in the sliding mode is proven to have the desired closed-loop system matrix and hence the desired closed-loop poles.
Formulation of the control law
To meet the sliding condition:
let the control law be formulated as:
By taking the time derivative of both sides of (2) and applying (14) - (17), we obtain:
Because the sum of the terms in the above brackets is larger than zero, the sliding condition (13) is therefore verified. The control law given by (14) guarantees that the sliding mode will be reached and sustained. In summary, with the sliding function definition (2) and the control law (14), the sliding condition (13) will be satisfied. The larger i is, the sooner the sliding mode is reached. The resulting control system has the following advantages:
(i) All of the closed-loop poles can be assigned.
(ii) The output errors effectively converge to zero. (iii) The closed-loop system performance is robust.
VTOL aircraft control
Plant description
VTOL aircraft are complex, highly nonlinear systems whose aerodynamic parameters vary considerably during flight. Usually, the system dynamics can be linearised, and effective control methods can then be developed according to a linearised model.
Consider the typical load and flight conditions for a VTOL aircraft at the nominal airspeed of 135 knots [8, 9] . The linearised dynamics of this VTOL aircraft in the vertical plane can be described using: The state vector x 2 R 4Â1 has the following components: x 1 , horizontal velocity (knots); x 2 , vertical velocity (knots); x 3 , pitch rate (degrees per second); and x 4 , pitch angle (degrees). Fig. 1 shows the typical coordinate system for a VTOL aircraft in the vertical plane. The control input u 2 R 2Â1 consists of the collective pitch control u 1 , which alters the pitch angle (angle of attack with respect to the air) of the main rotor blades collectively to provide vertical movement, and the longitudinal cyclic pitch control u 2 , which tilts the main rotor disc by varying the pitch of the main rotor blades individually to provide horizontal movement. However, u 1 and u 2 have some cross-effect on the vertical and horizontal velocities, respectively. The last term in (20) denotes the lumped perturbations, vðt; xÞ ¼ DAx þ wind gust. With airspeed ranging from 60 to 170 knots, significant changes occur in the elements A 32 and A 34 , where A ij denotes the ith row and jth column element of the matrix A, assuming that jDA 32 j40:2192 and jDA 34 j41:2031.
The goal here is to develop a high performance VTOL aircraft control system using the sliding mode technique. The controller design should accomplish some practical objectives, such as: (i) enabling the VTOL aircraft to go from one initial state to the desired state rapidly; and (ii) minimising the sensitivity of the controlled variables when the VTOL aircraft is subject to parameter variations and disturbances.
SMC design
Using the optimal control approach [8] , we can obtain the desired closed-loop system matrix: 
where z 1 and z 2 are the horizontal and vertical velocities, respectively, z 1d and z 2d are the horizontal and vertical velocity commands, respectively.
With the control law (14), the control input is determined to be: 
In (23), the sliding layer technique [10] is utilised to further eliminate input chattering. The sgnðsÞ function in (14) is replaced by the function satðs=Þ, where > 0 and for s ¼ ½ 1 ; 2 ; . . . ; q T :
The VTOL aircraft is assumed to be in forward flight and level attitude. The control sampling rate is set at 200 Hz.
To compare the tracking and regulation capabilities, the following two cases are investigated: the vertical and horizontal velocities, respectively, of the proposed SMC. As can be seen, the tracking is fast and accurate. When the vertical motion proceeds, the horizontal direction maintains steady, and vice versa. The tracking errors converge to zero for the nominal systems. The effect of the parameter uncertainties is eliminated. When external disturbances occur, the SMC has the ability to drive the aircraft back to the desired trajectory rapidly, i.e. the flight will not be out of control against negative biased velocity disturbances.
Pitch rate and pitch angle:
Because the system dynamics have a pair of complex closed-loop poles, the inherent transient state is observed in Figs. 6-9. The fast tracking response is achieved at the expense of oscillatory behaviour in the pitch angle and pitch rate. Yet the amplitudes are very small and acceptable in operation. In the presence of biased external disturbance, the aircraft exhibits small negative pitch angles to maintain the robustness.
3.3.3 Collective pitch and longitudinal cyclic pitch: As shown in Figs. 10-13, the control inputs tend to converge and the tracking errors converge in the first 10 s. The wind gust forces the control inputs to react abruptly. The collective pitch reflects to a maximum, and then converges to a small positive position. Conversely, the longitudinal cyclic pitch reacts at about 88 negative deviation to maintain robust tracking purpose. The boundary layer technique is seen to be able to further eliminate input chattering. Note that the closed-loop poles in the sliding mode can be freely assigned. The system response can be adjusted to be slower or faster so that the magnitudes of the collective pitch control and the longitudinal cyclic pitch control can become smaller or larger.
Conclusions
A systematic SMC method has been presented. This design performs a full dimensional pole assignment in the sliding mode. All of the closed-loop poles can be assigned, not just those of the reduced systems. The sliding function involves the integral sliding mode. The control system is asymptotically stable and the output errors are eliminated. The application of the method to a VTOL aircraft control system has been successfully performed. The plant parameters vary with different operating conditions, and disturbances take place due to environmental changes. Due to the simple numerical computations, involved in the method the SMC response can be made faster than those of most other modern control methods. A remarkable tracking capability as well as system robustness was demonstrated.
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